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RELATIVE MEASURE HOMOLOGY 
AND CONTINUOUS BOUNDED COHOMOLOGY 
OF TOPOLOGICAL PAIRS 

o 

(N ■ ROBERTO FRIGERIO AND CRISTINA PAGLIANTINI 

>>: 

Abstract. Measure homology was introduced by Thurston in his notes about 
the geometry and topology of 3-manifolds, where it was exploited in the com- 
putation of the simplicial volume of hyperbolic manifolds. Zastrow and Hansen 
independently proved that there exists a canonical isomorphism between measure 
homology and singular homology (on the category of CW-complexes), and it was 
then shown by Loh that, in the absolute case, such isomorphism is in fact an 
f-H , isometry with respect to the L 1 -seminorm on singular homology and the total 

■ variation seminorm on measure homology. Loh's result plays a fundamental role 

in the use of measure homology as a tool for computing the simplicial volume of 

. Riemannian manifolds. 

■ This paper deals with an extension of Loh's result to the relative case. We 

prove that relative singular homology and relative measure homology are isomet- 
rically isomorphic for a wide class of topological pairs. Our results can be applied 
for instance in computing the simplicial volume of Riemannian manifolds with 
boundary. 

Our arguments are based on new results about continuous (bounded) coho- 
mology of topological pairs, which are probably of independent interest. 

OO 

^ ■ 1. Introduction 

Measure homology was introduced by Thurston in |Thu79j . where it was exploited 
in the proof that the simplicial volume of a closed hyperbolic n-manifold is equal 
to its Riemannian volume divided by a constant only depending on n (this result 
is attributed in |Thu79] to Gromov). In order to rely on measure homology, it is 
necessary to know that this theory "coincides" with the usual real singular homology, 
at least for a large class of spaces. The proof that measure homology and real singular 
homology of CW-pairs are isomorphic has appeared in |Han981 |Zas98j . However, in 
order to exploit measure homology as a tool for computing the simplicial volume, 
one has to show that these homology theories are not only isomorphic, but also 
isometric (with respect to the seminorms introduced below). In the absolute case, 
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this result is achieved in [L6h06]. Our paper is devoted to extending Loh's result 
to the context of relative homology of topological pairs. As mentioned in [FM, 
Appendix A] and [Loh07l Remark 4.22], such an extension seems to rise difficulties 
that suggest that Loh's argument should not admit a straightforward translation into 
the relative context. For a detailed account about the notion of measure homology 
and its applications see e.g. the introductions of [Zas98, BerQl]. 

In order to achieve our main results, we develop some aspects of the theory of 
continuous bounded cohomology of topological pairs. More precisely, we compare 
such a theory with the usual bounded cohomology of pairs of groups and spaces. 
In |Par03] , Park provides the algebraic foundations to the theory of relative bounded 
cohomology, extending Ivanov's homological algebra approach (see |Iva87j ) to the 
relative case. However, Park endows the bounded cohomology of a pair of spaces 
with a seminorm which is a priori different from the seminorm considered in this 
paper. In fact, the most common definition of simplicial volume is based on a 
specific L 1 -seminorm on singular homology, whose dual is just the L°°-seminorm 
on bounded cohomology defined in [Gro821 Section 4.1]. This seminorm does not 
coincide a priori with Park's seminorm, so our results cannot be deduced from Park's 
arguments. More precisely, it is shown in [Par 03 \ Theorem 4.6] that Gromov's and 
Park's norms are biLipschitz equivalent (see Theorem 16.11 below). In [Par 03\ page 
206] it is stated that it remains unknown if this equivalence is actually an isometry. 
In Section [6] we answer this question in the negative, providing examples showing 
that Park's and Gromov's seminorms indeed do not coincide in general. 

1.1. Relative singular homology of pairs. Let X be a topological space, and 
W C X be a (possibly empty) subspace of X. For n € N we denote by C n (X) the 
module of singular n-chains with real coefficients, i.e. the M-module freely generated 
by the set S n (X) of singular n-simplices with values in X. The natural inclusion of 
W in X induces an inclusion of C n (W) into C n (X), and we denote by C n (X, W) the 
quotient space C n (X)/C n (W). The usual differential of the complex C m (X) defines 
a differential : C*(X, W) — > C*_i(X, W). The homology of the resulting complex 
is the usual relative singular homology of the topological pair (X,W), and will be 
denoted by H*(X, W). 

The R- vector space C n (X, W) can be endowed with the following natural L 1 - 
norm: if a G C n (X, W), then 



= inf < \a a \ , where a 



^ a a cr 



in C n (X)/C n (W) 



Such a norm descends to a seminorm on H n (X,W), which is defined as follows: if 
[a] E H n (X,W), then 

|| [a] ||i =inf{||/3||i \0€C n (X,W), d n (3 = 0, [/3] = [a]} 
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(this seminorm can be null on non-zero elements of H n (X, W)). Of course, we may 
recover the absolute homology modules of X just by setting H n (X) = H n (X,$). 

1.2. Relative measure homology of pairs. Let us now recall the definition of 
relative measure homology of the pair (X, W). We endow S n (X) with the compact- 
open topology and denote by M n (X) the cr-algebra of Borel subsets of S n (X). If /j, is 
a signed measure on 3 rt ( .X ) (in this case we say for short that fi is a Borel measure 
on S n (X)), the total variation of [i is defined by the formula 

lljulL = sup n(A) — inf l-i(B) G [0, +oo] 

Aen n (x) B& n (x) 

(the subscript m stands for measure). For every n > 0, the measure chain module 
C n (X) is the real vector space of the Borel measures on S n (X) having finite total 
variation and admitting a compact determination set. The graded module C*(X) 
can be given the structure of a complex via the boundary operator 

d n : C n (X) — ► C n _i(X) 

» — ► E;=o(-i)V, 

where \$ is the push- forward of under the map that takes a simplex a G S n (X) 
into the composition of a with the usual inclusion of the standard (n — l)-simplex 
onto the j-th face of a. 

Let now W be a (possibly empty) subspace of X. It is proved in |Zas98l Propo- 
sition 1.10] that the cr-algebra B n (VF) of Borel subsets of S n (W) coincides with the 
set {A n S n (W) | A G M n (X)}. For every fj, G C n (W), the assignement 

u(A) = fj,(AnS n {W)), AeM n (X), 

defines a Borel measure on S n (X), which is called the extension of fi. If \i has 
compact determination set and finite total variation then the same is true for v, 
so that we have a natural inclusion C n (W) C n {X) (see |Zas98l Proposition 1.10 
and Lemma 1.11] for full details). The image of C n (W) in C n (X) will be simply 
denoted by C n (W), and coincides with the set of the elements of C n (X) which admit 
a compact determination set contained in M n (W). We denote by C n (X,W) the 
quotient C n (X)/C n (W). 

It is readily seen that d n {C n (W)) C C n -%(W), so d n induces a boundary operator 
C n (X,W) C n -i(X,W), which will still be denoted by d n . The homology of the 
complex (C*(X, W), 9*) is the relative measure homology of the pair (X, W), and it 
is denoted by H*(X, W). 

Just as in the case of singular homology, we may endow H n (X, W) with a semi- 
norm as follows. For every a G C n (X, W) we set 

||a|| m = inf {|H|m, where fi G C n {X), [/j] = a in C n {X, W) = C n (X)/C n (W)} . 

Then, for every [a] G H n (X, W) we set 

\\[a]\\ mh = mf{\\/3\\ m \P€C n (X,W), d n (3 = 0, [/?] = [a]} 
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(the subscript mh stands for measure homology). The absolute measure homology 
module H n (X) can be defined just by setting % n {X) = H n (X, 0). 

1.3. Relative singular homology v.s. relative measure homology. For every 
a G S n (X) let us denote by 5 a the atomic measure supported by the singleton 
{a} C S n (X). The chain map 

C m (X,W) — > C*(X,W) 

Ek X 
i=0 a i a i 1 ' 2_^i=0 a i°(Ti ) 

induces a map 

H n (u): H n (X,W) —>Hn(X,W), nGN, 

which is obviously norm non-increasing for every n G N. 
The following result is proved in jZas98[ [Ha n98]: 

Theorem 1.1 ( |Zas98[ lHan98] ). Let (X,W) be a CW-pair. For every n G N, the 
map 

H n (i*): H n (X,W) ^H n (X,W) 

is an isomorphism. 

Zastrow's and Hansen's proofs of Theorem II .11 are based on the fact that relative 
measure homology satisfies the Eilenberg-Steenrod axioms for homology (on suitable 
categories of topological pairs). Therefore, their approach avoids the explicit con- 
struction of the inverse maps -ff n (t*)~ 1 , n G N, and does not give much information 
about the behaviour of such inverse maps with respect to the seminorms introduced 
above. In the case when W = 0, the fact that H n {L*) is indeed an isometry was 
proved by Loh: 

Theorem 1.2 ([L6h06|). If X is any connected CW-complex, then for every n G N 
the map 

H n (u): H n (X)^n n (X) 
is an isometric isomorphism. 

Loh's proof of Theorem 11.21 exploits some deep results about the bounded coho- 
mology of groups and topological spaces. In Sections [31 H] we develop a suitable 
relative version of such results, which are exploited in Subsection 15.31 for proving the 
following: 

Theorem 1.3. Let (X,W) be a CW-pair, and let us suppose that the following 
conditions hold: 

(1) X is countable, and both X and W are connected; 

(2) the map nj(W) — > TTj(X) induced by the inclusion W '—l X is infective for 
j = 1, and it is an isomorphism for j > 2. 
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Then, for every n 6 N the isomorphism 

H n M: H n (X,W)^n n (X,W) 

is isometric. 

In fact, we will deduce Theorem 11.31 from Theorem 11.71 below concerning the 
relationships between continuous (bounded) cohomology and singular (bounded) 
cohomology of topological pairs. 

Definition 1.4. A CW-pair (X,W) is good if it satisfies conditions (1) and (2) of 
the statement of Theorem 11.31 

We conjecture that Theorem 11.31 holds even without the hypothesis that the pair 
(X, W) is good, so a brief comment about the places where this assumption comes 
into play is in order. The fact that W is connected and 7Ti-injective in X allows 
us to exploit results regarding the bounded cohomology of a pair (G, A), where G 
is a group and A is a subgroup of G. In order to deal with the case when W is 
not assumed to be 7ri-injective, one could probably build on results regarding the 
bounded cohomology of a pair (G,A), where A,G are groups and <p: A — > G is 
a homomorphism of A into G. This case is treated e.g. in [Par03j by means of a 
mapping cone construction. However, the mapping cone introduced in |Par03j does 
not admit a norm inducing Gromov's seminorm in bounded cohomology, so Park's 
approach seems to be of no help to our purposes. Perhaps it is easier to drop from 
the hypotheses of Theorem ll.3l the requirement that W be connected (provided that 
we still assume that every component of W is 7Ti-injective in X). Several arguments 
in our proofs make use of cone constructions which are based on the choice of a 
basepoint in the universal coverings X, W of X, W. When W is connected (and 
7Ti-injective in X), the space W is realized as a connected subset of X, and this 
allows us to define compatible cone constructions on X and W. It is not clear how 
to replace these constructions when W is disconnected: one could probably build 
on the theory of homology and cohomology of a group with respect to any system 
of its subgroups, as described for instance in [j BE78] (see also |MY 07]). but several 
difficulties arise which we have not been able to overcome. Finally, the assumption 
that TTi(W) is isomorphic to 7Tj(X) for every i > 2 plays a fundamental role in our 
proof of Proposition 14.41 below. On could get rid of this assumption by using a result 
stated without proof in [Par 03 \ Lemma 4.2], but at the moment we are not able to 
provide a proof for Park's statement (see Remark 14.51 for a brief discussion of this 
issue). 

1.4. Locally convex pairs. We are able to prove that measure homology is iso- 
metric to singular homology also for a large family of pairs of metric spaces, namely 
for those pairs which support a relative straightening for simplices. 

The straightening procedure for simplices was introduced by Thurston in [Thu79] , 
and establishes an isometric isomorphism between the usual singular homology of 
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a space and the homology of the complex of straight chains. Such a procedure 
was originally defined on hyperbolic manifolds, and has then been extended to the 
context of non-positively curved Riemannian manifolds. In Section [2] we give the 
precise definition of locally convex pair of metric spaces. Then, following some ideas 
described in [LS09] , for every locally convex pair (A, W) we define a straightening 
procedure which induces a chain map between relative measure chains and rela- 
tive singular chains. It turns out that such a straightening induces a well-defined 
norm non- increasing map H n (X, W) — > H n (X,W). This map provides the desired 
norm non-increasing inverse of il n (i*), so that we can prove (in Subsection 12.41) the 
following: 

Theorem 1.5. Let (X,W) be a locally convex pair of metric spaces. Then the map 

H n (i,) : H n (X, W) — > H n (X, W) 
is an isometric isomorphism for every n £ N. 

The class of locally convex pairs is indeed quite large, including for example all the 
pairs (M,dM), where M is a non-positively curved complete Riemannian manifold 
with geodesic boundary dM. 

Remark 1.6. Suppose that (X, W) is a locally convex pair, and let K be a connected 
component of W. An easy application of a metric version of Cartan-Hadamard The- 
orem (see e.g. [BH99, II. 4.1]) shows that tt\{K) injects into tti(X), and ni(K) = 
TTi(X) = for every i > 2. In particular, if (X, W) is also a countable CW-pair 
and W is connected, then (X, W) is good, and the conclusion of Theorem 11.51 also 
descends from Theorem 11.31 Note however that the request that W be connected 
could be quite restrictive in several applications of our results. For example, it 
is well-known that the natural compactification of a complete finite-volume hyper- 
bolic manifold with geodesic boundary and/or cusps is a manifold with boundary 
N admitting a locally CAT(O) (whence locally convex) metric that turns the pair 
(N,dN) into a locally convex pair (see e.g. |BH991 pages 362-366]). We have dis- 
cussed in [FP10] some properties of the simplicial volume of such manifolds, and 
in that context several interesting examples have in fact disconnected boundary. 



In Pagll it is shown how to apply Theorem 11.51 for getting shorter proofs of the 



main results of [FP10] . 

1.5. (Continuous) relative bounded cohomology. As mentioned above, our 
proof of Theorem 11.31 involves the study of the relative bounded cohomology of 
topological pairs. Introduced by Gromov in |Gro82j . the relative bounded cohomol- 
ogy of pairs (of groups or spaces) seems to be less clearly understood than absolute 
bounded cohomology. Here below we define the continuous (bounded) cohomology 
of topological pairs, and we put on (continuous) bounded cohomology Gromov's 
L°°-seminorm which is "dual" (in a sense to be specified below) to the seminorm on 
(measure) homology described above. Then, in Section 0] we compare the continuous 
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bounded cohomology of a good CW-pair to its usual singular bounded cohomology 
(see Theorem 1 1 . 71 below) . In Section [5] we show how this result implies Theorem ll.31 
Let us now state more precisely our results. For every n E N we denote by C n {X) 
(resp. C n (X, W)) the module of singular n-cochains with real coefficients, i.e. the 
algebraic dual of C n (X) (resp. of C n (X, W)). We will often identify C n (X, W) with 
a submodule of C n (X) via the canonical isomorphism 

C n (X,W)^{feC n (X)\f\ Cn(w)=0 } . 

If 5* : C*(X, W) ->• C* +1 (X, W) is the usual differential, the homology of the com- 
plex (C*(X,W),5*) is the relative singular cohomology of the pair (X,W), and it 
is denoted by H*(X,W). 

We regard S n (X) as a subset of C n (X), so that for every cochain <p G C n (X, W) C 
C n (X) it makes sense to consider the restriction <p\s n (x)- 111 particular, we say that 
ip is continuous if ip\s„(x) 1S (recall that S n (X) is endowed with the compact-open 
topology). If we set 

C*(X, W) = {<p G C*(X, W)\tpia continuous} , 

then it is readily seen that 6 n (C£(X,W)) C C? +1 (X,W), so C*(X,W) is a sub- 
complex of C*(X, W), whose homology is denoted by H*(X, W). 

Let us now come to the definition of (continuous) bounded cohomology. We endow 
C n (X, W) with the L°°-norm defined by 

11/1100= sup \f((r)\ G[0,oo], feC n (X,W). 

<reS n (X) 

Let us introduce the following submodules of C*(X, W): 

C* b (X,W) = {/ e C*(X,W) I ll/IU < oo} , 

c* cb (x, w) = c* b (x, w) n c* c (x, w) . 

The coboundary map 5 n is bounded, so C b (X,W) (resp. C* b (X,W)) is a sub- 
complex of C*(X,W) (resp. of C*(X,W)). Its homology is denoted by H^(X,W) 
(resp. H* b (X, W)), and it is called the bounded cohomology (resp. continuous bounded 
cohomology) of (X,W). The L°°-norm on C*(X, W) descends (after suitable re- 
strictions) to a seminorm on each of the modules H*(X, W), H*(X, W), H b (X, W), 
H* b (X,W). These seminorms will still be denoted by || • |[oo. The inclusion maps 

pt : C* cb (X, W) ^ C* b (X, W), p* : C* C (X, W) ^ C*(X, W) 

induce maps 

H*{pt) : H* cb (X, W) — > H* b (X, W) , H*(p*) : H*(X, W) — > H*(X, W) , 

that are a priori neither injective nor surjective. 

We are now ready to state our main result about (continuous) bounded cohomol- 
ogy of pairs, which is proved in Subsection 14.61 
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Theorem 1.7. Let (X,W) be a good CW-pair. Then the map 

H n {pt): H%{X,W) — ► H£(X,W) 

admits a right inverse which is an isometric embedding (in particular, H*(pl) is 
surjective) for every n G N. 

In the absolute case, i.e. when W = 0, Theorem II .71 is proved in [Frilll Theorem 
1.2]. As observed at the end of Subsection 14.51 the arguments developed in Sec- 
tion [4] also imply the following result (see Section [3] for the definition of bounded 
cohomology of pairs of groups): 

Theorem 1.8. Let (X,W) be a CW-pair. Then for every n G N there exists an 
isomorphism between H^(iri(X),TTi(W)) and HJJ(X,W). If in addition the pair 
(X, W) is good, then the isomorphism is isometric. 

In Subsection 14.71 we show how Theorem 11.71 and [FrilH Theorem 1.1] can be 
exploited to prove the following: 

Theorem 1.9. Let (X,W) be a locally finite good CW-pair. Then the map 

H n (p*) : H?(X, W) — ► H n (X, W) 
is an isometric isomorphism for every n G N. 

1.6. Acknowledgements. The authors thank Maria Beatrice Pozzetti for several 
useful conversations about the contents of Ivanov's paper [Iva87j . 

2. The case of locally convex pairs 

The following definitions can be found for instance in [BH99]. Let (X,d) be a 
metric space (when d is fixed, we denote (X,d) simply by X). A geodesic segment 
in X is an isometric embedding of a bounded closed interval into X. The metric d 
(or the metric space X = (X, d)) is geodesic if every two points in X are joined by 
a geodesic segment (in particular, X is path connected and locally path connected). 
Moreover, d (or X = (X,d)) is globally convex if it is geodesic and if any two 
geodesic segments c\\ [0, a] — > X, C2~. [0, a] — > X such that ci(0) = C2(0) satisfy the 
condition d(c\(t) , C2{t)) < td{c\(a), 02(a)) for every t G [0, a] (and in this case, X is 
contractible, see Lemma [2TT1 below) . We say that d (or X = (X,d)) is locally convex 
if every point in X has a neighbourhood in which the restriction of d is convex (in 
particular, it is geodesic). A subspace Y C X is convex if every geodesic segment 
(in X) joining any two points of Y is entirely contained in Y (in particular, Y is 
path connected). 

Let us suppose that X is complete and locally convex. Then it is locally con- 
tractible, hence it admits a universal covering p: X — > X. We endow X with the 
length metric induced by p, i.e. the unique length metric d such that p: (X,d) — > 
(X,d) is a local isometry (see [BH99, Proposition 1.3.25]). Since (X,d) is complete 
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and geodesic, the same is true for (X,d). Moreover, Cartan-Hadamard Theorem for 
metric spaces (see [BH991 II. 4.1]), implies that the space (X,d) is globally convex. 

Let W be any subset of X. We say that (X, W) is a locally convex pair of metric 
spaces (or simply a locally convex pair) if the following conditions hold: 

(1) X is complete and locally convex; 

(2) W is locally path connected; 

(3) every path-connected component of p (W) C X is convex in X. 
Throughout the whole section we denote by (X, W) a locally convex pair of metric 

spaces, we fix a universal covering p: X — > X (where X is endowed with the induced 
metric), and we denote by W the subset p~ 1 (W) C X (on the contrary, in Section d] 
we will denote by W a fixed connected component of p (W)). 

2.1. Straight simplices. In order to properly define straight simplices we first 
need the following result, which is an immediate consequence of Cartan-Hadamard 
Theorem for metric spaces: 

Lemma 2.1 ([BH99 , II. 4.1). For every pair of points p,q G X there exists a unique 
geodesic segment in X joining p to q. Moreover, if a Ptq : [0, 1] — > X is a constant- 
speed parameterization of such a segment, then a Ptq continuously depends ( with re- 
spect to the compact-open topology) on p and q. In particular, X is contractible. 

For i G N we denote by ej the point (0, 0, . . . , 1, . . . , 0, 0, . . .) G M N where the 
unique non-zero coefficient is at the z-th entry (entries are indexed by N, so (1, 0, . . .) = 
eo). We denote by A p the standard p-simplex, i.e. the convex hull of eo, . . . , e p , and 
we observe that with these notations we have A p C A p+ \. 

Let k G N, and let XQ,...,Xk be points in X. We recall here the well-known 
definition of straight simplex [xq, . . . , x^] G S^iX) with vertices xq, . . . , x^\ if k = 0, 
then [xq] is the 0-simplex with image xo; if straight simplices have been defined 
for every h < k, then [xq, . . . , Xk+i] '■ A^ + i -4 X is determined by the following 
condition: for every z G A/% C Afc + i, the restriction of [xq, . . . , xjk+i] to the segment 
with endpoints z, e^+i is a constant speed parameterization of the geodesic joining 
[xq, • • • , Xk](z) to Xk+i (the fact that [xq, . . . , sjfe+i] is well-defined and continuous is 
an immediate consequence of Lemma 12. ip . 

2.2. Nets. Let T = tti(X) be the group of the covering automorphisms of p: X — > 
X, and observe that, since p is a local isometry, every element of T is an isometry 
of X. 

Definition 2.2. A net in X is given by a subset ACI and a locally finite collection 
of Borel sets {B x } x& ^ such that the following conditions hold: 

(1) X = UzeA B x and B x nB y = ® for every x, y G A with x / y; 
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(2) 7(A) = A for every 7 G T and ^{B x ) = Kyfa) for every x G A, 7 G T; 

(3) if K is a path connected component of W, then K C UzgAn-K"^ 1 " 

Lemma 2.3. There exists a net. 

Proof. For every q G X let us denote by f/ g an evenly-covered neighbourhood of 
q in X (with respect to the universal covering X — > X). Since W is locally path 
connected, we may also suppose that WC\U q is path connected. Being metrizable, X 
is paracompact, so the open covering {U q } q ^x admits a locally finite open refinement 
{^i}ie/- Let us now fix a total ordering ^ on / in such a way that i -< j whenever 
Vi n W ^ and Vj D W = 0, and let us set 

Bi = Vi \ [\JVj 

By construction, the family {Bi}i^j is locally finite in X. Moreover, every Bi is the 
intersection of an open set and a closed set, therefore it is a Borel subset of X. For 
every i € I let us choose Xi G B{ in such a way that Xi £W whenever Bi n W 7^ 0, 
and let us set A = \J i£ j{xi}. We also set B Xi = Bi for every i G I. 

Let us now define A = p _1 (A). For every i G I we choose an element Xi G p~ 1 {xi), 
and we take G X in such a way that B Xi C f7 gr Being simply connected, c7 g . lifts 
to the disjoint union p~ l {U qi ) = U 7 er 7(^9i)j wnere ^ is the connected component 
of containing Xj. 

We are now ready to define B x , where x is any element of A. In fact, every x G A 
uniquely determines an index i E I and an element 7 G T such that x = j(xi), and 
we can set B x = ^{U qi C\p~ l {B Xi )). Of course B x is a Borel subset of X. 

It is now easy to check that the pair (^A, {B x } xe j^j provides a net: the local 

finiteness of the family {B x , x G A} readily descends from the fact p is a covering 
and {B x , x G A} is locally finite in X, and conditions (1) and (2) of Definition 12.21 
are an obvious consequence of our choices. Let us now show that condition (3) also 
holds. We fix x G A such that W H B x 7^ 0. By construction we have x G W, and 
there exist 7 G T and i G I such that B x C ^{U qi ). Our assumption that C/g PI VF is 
path connected implies that j(U qi ) C\W is also path connected, so the set B x C\W 
is entirely contained in the path connected component of W containing x, whence 
the conclusion. □ 

2.3. Straightening. We are now ready to define our straightening operator. Let 
^A, {B x } xe j) be a net. We denote by S^(X) C S n (X) the set of straight n-simplices 

in X with vertices in A. Then we let str n : C n (X) — > C n {X) be the unique linear 
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map such that for a E S n (X) 

str n (<7) = [x , ...,x n ] G S£(X), 
where X{ G A is such that a(ei) G B Xi for i = 0, . . . , n. 

Proposition 2.4. The map str* : C*(X) — > C*(X) satisfies the following properties: 

( 1) dn + i o str n+ i = str^ o d n+1 for every n G N; 

(2) str„(7 off) = io str n (a) /or every n G N, 7 G T, 5 G S n (X); 

(3) str*(C*(W)) C C*(W0; 

(^J i/ie induced chain map C*(X, W) — > C*(X, W), which we will still denote by 
str* ; is T-equivariantly homotopic to the identity. 

Proof. If xo, . . . ,x n G X, then it is easily seen that for every i < n the i-th face 
of [xq, . . . , x n ] is given by [xq, . . . ,Xi, . . . , x n )) moreover since isometries preserve 
geodesies we have 7 o [xq, . . . , x n ] = [7(^0), • • • , r y{x n )] for every 7 G Isom(X). To- 
gether with property (2) in the definition of net, these facts readily imply points (1) 
and (2) of the proposition. 

If a G S n (W), then all the vertices of a lie in the same connected component K 
of W. By property (3) in the definition of net, the vertices of str n (a) still lie in 
K. Since (X, W) is a locally convex pair, the subset K is convex in X, so str n (a) 
belongs to S n (W), whence (3). 

Finally, for a G S n (X), let F 5 : A n x [0, 1] -»• X be defined by = j3 x (t), 

where f3 x : [0, 1] — ^ X is the constant-speed parameterization of the geodesic seg- 
ment joining a(x) with str(a)(x). We set T n (a) = (Fz)*(c), where c is the stan- 
dard chain triangulating the prism A n x [0, 1] by (re + l)-simplices. The fact that 
d„_l_iT n + T n _i(i n = Id — str n is now easily checked, while the T-equivariance of 
T* is a consequence of property (2) of nets together with the fact that geodesies 
are preserved by isometries. As above, the fact that T n (C n (W)) C C n+ i(W) is a 
consequence of the convexity of the components of W. □ 

Let A = p(A), and let S*(X) be the subset of S*(X) given by those singular 
simplices which are obtained by composing a simplex in S*(X) with the covering 
projection p. As a consequence of Proposition 12.41 we get the following: 

Proposition 2.5. The map str* induces a chain map str* : C*(X, W) — > C*(X, W) 
which is homotopic to the identity. 

Remark 2.6. The maps str*, str# obviously depend on the net chosen for their 
construction. Such a dependence is however somewhat inessential in our arguments 
below. Henceforth we understand that a net ^A, {B x } xe j^j is fixed, and we denote 

by str* , str* the corresponding straightening operators. 
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We are now ready to construct a chain map 6*: C*(X,W) — > C*(X,W) whose 
induced map in homology will provide the desired norm non-increasing inverse of 

Let us fix a simplex a G S^(X). It is readily seen that the set str~ 1 (<r) is a Borel 
subset of S n (X). Therefore, for every measure fi G C n (X) it makes sense to set 

cM = /i(str~V)) G E . 

Lemma 2.7. For every measure [i G C n {X), the set 

{(7 6 5^(1)1^)^0} 

is finite. 

Proof. Since ji admits a compact determination set, it is sufficient to show that the 
family {str~ 1 (a), a G S^(X)} is locally finite in S n (X). So, let us take do € S n (X), 
and let <7o G S n (X) be a lift of o"o to X. For every j = 0, . . . ,n, let Zj be an 
open neighbourhood of 5o( e O that intersects only a finite number of B Xi 's, and 
let C S n (X) be the set of n-simplices whose i-th vertex belongs to Zi for every 
% = 0, . . . , n. Then is an open neighbourhood of So in S n (X). 

Let p n : 5 n (X) — > S n (X) be the map taking every a G 5 n (X) into p oa. It is 
proved in [Frill} Lemma A. 4] (see also [L6h06]) that p n is a covering, whence an 
open map, so Q = p n {&) is an open neighbourhood of oo in S n (X). Moreover, 
by construction the set str n (fi) = str n (p n (f2)) = p n (str„(fl)) is finite, whence the 
conclusion. □ 

By Lemma 12.71 we can define the map 

e n -. c n (x) -+c n {x), om= Yl c °^)° ■ 

aeS£(x) 

Lemma 2.8. We have: 

(1) 6 n o d n+ i = d n+1 o 9 n+ i for every n G N. 

(2) 6 n (C n (W)) C C n {W) for every n G N. 

(3) \\e n (n)\\i < \\(i\\ m for every n G C n {X), n G N. 

Proof. Point (1) is a direct consequence of the fact that str* is a chain map. 

Since stT n (C n (W)) C C n (W), if a G \ S n (W), then str~ V) n S n (W) = 0. 

Therefore, if ^ G C n (W) C C n (X), then c CT (//) = ^(str~ 1 (cr)) = 0, whence point (2). 

Point (3) is a consequence of the fact that, if {Zj}j^j is a finite collection of 
pairwise disjoint Borel subsets of S n (X^, then — I] II m- 

2.4. Concluding the proof of Theorem 11.51 As a consequence of Lemma |2.8| 
the map 0* : C*(X) — > C*(X) induces norm non-increasing maps 

0*: C*(A,W) -^C*(X,W), tf*(0*): n*(X,W) -> H+(X,W) . 
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Since we already know that iT*(i*) : H*(X, W) — > H*(X, W) is a norm non-increasing 
isomorphism, in order to prove that H*(i*) is an isometry it is sufficient to show that 
H~n(9*) H n (i*) is the identity of H n (X,W) for every n G N. However, it follows 
by the very definitions that 9 n o i n = str n for every n G N, so the conclusion follows 
from Proposition 12.51 

3. Relative bounded cohomology of groups 

Let us recall some basic definitions and results about the bounded cohomology of 
groups. For full details we refer the reader to [Gro821 IIva871 IMonOlj . Henceforth, 
we denote by G a fixed group, which has to be thought as endowed with the discrete 
topology. 

Definition 3.1 ([Iva87, MonOl]). A Banach G-module is a Banach space V with 
a (left) action of G such that \\g ■ v\\ < \\v\\ for every g E G and every v G V. A 
G-morphism of Banach G-modules is a bounded G-equivariant linear operator. 

From now on we refer to a Banach G-module simply as a G-module. 

3.1. Relative injectivity. A bounded linear map t: A B of Banach spaces is 
strongly injective if there is a bounded linear map a: B — > A with \\a\\ < 1 and 
a o l = Id.A (in particular, t is injective). We emphasize that, even when A and S 
are G-modules, the map a is noi required to be G-equivariant. 

Definition 3.2. A G-module E is relatively injective if for every strongly injective 
G-morphism t: A — > B of Banach G-modules and every G-morphism a: A — > E 
there is a G-morphism f3: B E satisfying j3 o i = a and ||/3|| < ||a||. 



>A^--^B 




E 

3.2. Resolutions. A G-complex (or simply a complex) is a sequence of G-modules 
E l and G-maps (5* : E % — > E' L+l such that 5 %+l o 5* = for every i, where i runs over 
NU{-1}: 

o^r 1 ^^ As 1 A... A ^"-t- 1 ^ . . . 

Such a sequence will often be denoted by (E* ,5*). 

A G-chain map (or simply a c/iam map) between G-complexes [E*,8* E ) and 
(F*, 5p) is a sequence of G-maps {a 1 : — >• F l \ i > —1} such that 8 l F oa % = a l+1 o5 l E 
for every i > —1. If a* , f3* are chain maps between (E*,5 E ) and (-F*,5^) which co- 
incide in degree —1, a G-homotopy between a* and /3* is a sequence of G-maps 
{T l : FT -> F i_1 | i > 0} such that J^ 1 oT' + T i+1 08^ = 0*-? for every i > 0, 
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and T° o 8 E = 0. We recall that, according to our definition of G-maps, both chain 
maps between G-complexes and G-homotopies between such chain maps have to be 
bounded in every degree. 

A complex is exact if <5 _1 is injective and ker<5 i+1 = Im.8 % for every i > — 1. A G- 
resolution (or simply a resolution) of a G-module E is an exact G-complex [E* , 8*) 
with E~ l = E. A resolution (E*, 8*) is relatively injective if E n is relatively injective 
for every n > 0. 

A contracting homotopy for a resolution (E* ,8*) is a sequence of linear maps 
k*: E l -)■ E 1 * -1 such that ||^|| < 1 for every i G N, o k* + k i+1 o & = ld E i if 
i > 0, and k° o tf- 1 = Id E . 

£,0 L,l L.2 £,n i,n+l 

A.' ft^ rv rv FV 

Note however that it is not required that k l be G-equivariant. A resolution is 
strong if it admits a contracting homotopy. 

The following result can be proved by means of standard homological algebra 
arguments (see |Iva87| . [MonOH Lemmas 7.2.4 and 7.2.6]). 

Proposition 3.3. Let a: E — )• F be a G-map between G -modules, let (E*,8* E ) be a 
strong resolution of E, and suppose (F*,8 F ) is a G-complex such that F~ l = F and 
F l is relatively injective for every i > 0. Then a extends to a chain map a* , and 
any two extensions of a to chain maps are G-homotopic. 

3.3. Absolute bounded cohomology of groups. If E is a G-module, we denote 
by E G C E the submodule of G-invariant elements in E. 

Let (E*,8*) be a relatively injective strong resolution of the trivial G-module 
R (such a resolution exists, see Subsection 13. 4p . Since coboundary maps are G- 
maps, they restrict to the G-invariant submodules of the E i, s. Thus ((E*) G , 8* |) 
is a subcomplex of (E*,8*). A standard application of Proposition 13.31 now shows 
that the isomorphism type of the homology of ((E*) G , 8* |) does not depend on the 
chosen resolution (while the seminorm induced on such homology module by the 
norms on the E z, s could depend on it). What is more, there exists a canonical 
isomorphism between the homology of any two such resolutions, which is induced 
by any extension of the identity of R. For every n > 0, we now define the n- 
dimensional bounded cohomology module H£(G) of G as follows: if n > 1, then 
HP(G) is the n-th homology module of the complex ((E*) G , 8*\), while if n = then 
HJf(G) = ker (5° = R. 

3.4. The standard resolution. For every n € N, let B n (G) be the space of 
bounded real maps on G n+1 . We endow B n (G) with the supremum norm and 
with the diagonal action of G defined by (g ■ f){g , ...,g n ) = /(s^^o, • • • ,g~ X gn), 
thus defining on B n (G) a structure of G-module. For n > we define 8 n : B n (G) — > 
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B n+1 {G) by setting: 

71+1 

<*"(/) (So > 5i > ■ • ■ ,9n+i) = ^2(-l) l f(9a, ■ ■ ■ ,9i, ■ ■ ■ , 9n+i)- 

Moreover, we let B~ 1 (G) = K be the trivial G-module, and we define 5 . R — > 
B°(G) by setting <5 _1 (i)(g) = t for every g £ G. 
The following result is proved in [Iya87j: 

Proposition 3.4. The complex (B*(G),5*) provides a relatively injective strong 
resolution of the trivial G-module R. 

The resolution (B*{G),5*) is usually known as the standard resolution of the 
trivial G-module R. The seminorm induced on H?(G) by the standard resolution is 
called the canonical seminorm. It is shown in |Iva 87] that the canonical seminorm 
coincides with the infimum of all the seminorms induced on H£(G) by any relatively 
injective strong resolution of the trivial G-module R (see also Proposition 13,91 below) , 

3.5. Relative bounded cohomology of groups. Let A be a subgroup of G. 
Henceforth, whenever E is a G-module we understand that E is endowed also with 
the natural structure of ^-module induced by the inclusion of A in G. 

Definition 3.5 (Definitions 3.1 and 3.5 in [Par03]). Let (U*,6^j) be a relatively 
injective strong G-resolution of the trivial G-module R and (V*,Sy) be a relatively 
injective strong ^-resolution of the trivial ^4-module R. By Proposition 13.31 the 
identity of R may be extended to an ^4-chain map A* : U* — > V * . The pair of 
resolutions (U*,S^), (V*,5y), together with the chain map A*, provides a pair of 
resolutions for (G,A;M). We say that such a pair is 

(1) allowable, if the chain map A* commutes with the contracting homotopies of 
(U*,8* u ) and (V*,5* v ); 

(2) proper, if the map A ra restricts to a surjective map A n : (U n ) G — > (V n ) A for 
every n € N. 

We denote by ker(f7 n — > V n ) the kernel of A n . It is readily seen that the module 
ker(C/ n -> V n ) G C (U n ) G coincides with the kernel of A n . 

If the pair of resolutions (U* ,S^), (V*,S V ) is proper, there exists an exact sequence 

> kev(U n -> V n ) G ► (U n ) G (V n ) A > , 

which induces the long exact sequence 

> H%-\A) > H n (ker(U* -> V*) G ) > H£{G) ► H£{A) > ■ ■ ■ 

As observed in |Par03j . if the pair (C/*,<5^), (V*,5 V ) is also allowable, then the 
isomorphism type of H n (keT(U* — > V*) G ) does not depend on the chosen proper 
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allowable pair of resolutions (see also Proposition 13.91 below) . Such a module is 
called the n-th bounded cohomology group of the pair (G,A), and it is denoted by 
H£(G,A). 

3.6. The standard pair of resolutions. The following result is proved in [Par 03\ 
Propositions 3.1 and 3.18], and shows that, just as in the absolute case, there exists 
a canonical proper allowable pair of resolutions for (G,A;M). 

Proposition 3.6. The standard resolutions B*(G) and B*(A) of the trivial G- and 
A-module K, together with the obvious restriction map B*(G) — > B*(A), provide a 
proper allowable pair of resolutions for (G,A;M). 

The seminorm induced on H£(G,A;M) by this resolution is called the canonical 
seminorm. In order to save some words, from now on we fix the following notation: 

B n (G,A) = kev{B n (G) ->• B n {A)). 

3.7. Morphisms of pairs of resolutions. Let ([/*, <5j}), (V*,Sy) and (E*,5%), 
(F*,5p) be pairs of resolutions for (G,A;M). A morphism between such pairs is a 
pair of chain maps {a G , a* A ) such that: 

(1) a* G : U* — > E* (resp. a* A : V* — s> F*) is a G-chain map (resp. an ^4-chain 
map) extending the identity of R = U~ 1 = E" 1 (resp. the identity of R = 
V~ l = F' 1 )- 

(2) for every n € N, the following diagram commutes 

jjn > yn 

E n y F n ; 

where the horizontal rows represent the A-morphisms involved in the defini- 
tion of a pair of resolutions. 

By condition (2), if (a* G ,a* A ) is a morphism of pairs of resolutions, then a* G re- 
stricts to a chain map 

a* GA : ker(C7* -> V*) -> ker(E* F*) , 

which induces in turn a map 

H*(a* GA ): H*(ker{U* -> V*) G ) -> H*(ker(E* -> F*) G ) . 

Proposition 3.7. If the pairs of resolutions (U* , 5^) , (V*,6y) and(E*,5* E ), (F*,5* F ) 
are proper, the map H*{a* G A ) is an isomorphism. 
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Proof. Our hypothesis ensures that we have the commutative diagram: 
. . . H n - l ({V*) A ) > H n (kev(U* -> V*) G ) ► H n ({U*) G ) ► H n ({V*) A ) . . . 

. . . H n - l ((F*) A ) ► H n (ker(E* -> F*) G ) ► H n ((E*) G ) ► H n ((F*) A ) . . . 

By Proposition 13.31 the vertical arrows corresponding to H*{a* G ) and H*(a A ) are 
isomorphisms, so the conclusion follows from the Five Lemma. □ 

Remark 3.8. At the moment we are not able to prove neither that every two 
proper allowable pairs of resolutions for (G, A; 1R) are related by a morphism of 
pairs of resolutions, nor that any two such morphisms induce the same map in 
cohomology. In fact, whenever two proper allowable pairs of resolutions are given, 
using Proposition 13.31 one can easily construct the needed chain maps a* G and a* A . 
However, some troubles arise in proving that such chain maps can be chosen so 
to fulfill condition (2) in the above definition of morphism of pairs of resolutions. 
Despite these difficulties, the results proved in Propositions 13.71 and 13.91 are sufficient 
to our purposes. 

Also observe that in the statement of Proposition 13.71 we do not require the in- 
volved pairs of resolutions to be allowable. However, allowability plays a fundamental 
role in constructing a morphism of pairs of resolutions between any generic proper 
allowable pair of resolutions and the standard pair of resolutions (see Proposition [3T9] 
below), and in getting explicit bounds on the norm of such a morphism. 

The following result shows that, just as in the absolute case, the bounded co- 
homology of (G, A) is computed by any proper allowable pair of resolutions for 
(G, A;M.). Moreover, the canonical seminorm coincides with the infimum of all the 
seminorms induced on H£(G,A) by any such pair of resolutions. 

Proposition 3.9. Let (U* , 5^) , (V*,S V ) be a proper allowable pair of resolutions for 
(G,A;M). Then there exists a morphism (a G ,a A ) between this pair of resolutions 
and the canonical pair of resolutions introduced in Subsection \3.6l Moreover, one 
may choose a G> a* A in such a way that the induced map 

H*(a* GA ): H*(kev{U* -> V*) G ) -> H*(B*(G, A) G ) ^ H£{G,A) 

is a norm non-increasing isomorphism. 

Proof. Let k* G (resp. k* A ) be the contracting homotopy of (U*,S^) (resp. of (V*,Sy)). 
Let us define a G and a A by induction as follows: 



(f)(9a,---,9n) = a G - 1 (g (k G g 1 (f)))(9i,---,9n) 6 



/i\ U GU nyui • • • ! ynj — ^ G yyuvG^O \J)))\n±i-- 

K> al(f)(g ,...,g n ) = ^(jd^l/)))^,.. 



,9n) G 



It is easily seen that a G (resp. a* A ) is indeed a G-chain map (resp. an ^4-chain 
map) which is norm non-increasing in every degree. Moreover, since the chain map 
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U* — >■ V* commutes with the contracting homotopies of (U*,5u) and (V*,5 V ), the 
following diagram commutes: 

> V n 



Jjn _ 

B n (G) ■ 

This implies that {a.Q,a*^) is a morphism of pairs of resolutions. The conclusion 
follows from Proposition 13.71 □ 



^B n (A) 



4. Relative (continuous) bounded cohomology of spaces 

Throughout the whole section we denote by (X, W) a countable CW-pair such 
that both X and W are connected. We also make the assumption that the inclusion 
of W in X induces an injective map on fundamental groups. 

Being locally contractible, the space X admits a universal covering p : X — > X. We 
denote by W a fixed connected component of p~ 1 (W) C X. We also choose a base- 
point bo € W. This choice determines a canonical isomorphism between m(X,p(bo)) 
and the group G of the covering automorphisms of X. We denote by A C G the sub- 
group corresponding to i*(ni{W, p(bo))) under this isomorphism, where i: W — > X is 
the inclusion. Observe that A coincides with the group of automorphisms of X that 
leave W invariant. In particular, for every n E N the module C£(X) (resp. C™(W)) 
admits a natural structure of G- module (resp. A-module). Moreover, the covering 
projection p: X — > X defines a pull-back map p* : C£(X, W) — > C£(X,W) which 
induces in turn an isometric isomorphism Ci{X, W) — > C£(X ,W) G . As a conse- 
quence, we get the natural identification 

H;(X,W) H*(C£(X,W) G ) . 

The straightening procedure described in Section [2] shows that, when (X, W) is a 
locally convex pair of metric spaces, in order to compute the relative singular homol- 
ogy of (X, W) one may replace the singular complex C*(X, W) with the subcomplex 
of straight chains. As a consequence, it is easily seen that in order to compute the 
cohomology (resp. the bounded cohomology) of (X, W) one may replace the com- 
plex C*(X, W) (resp. C?(X, W) G ) with the subcomplex of those invariant cochains 
whose value on each simplex only depends on the vertices of the simplex (recall that 
straight simplices in X only depend on their vertices). Following Gromov [Gro82], 
we say that any such cochain is straight. 

Observe that the definition of straight cochain makes sense even when it is not 
possible to properly define a straightening on singular chains. Let us briefly describe 
some known results about straight cochains in the absolute case {i.e. when W = 0). 
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If X is contractible, a classical result ensures that both straight cochains and singu- 
lar cochains compute the cohomology of G, so the cohomology of straight cochains 
is isomorphic to the singular cohomology of X. An important result by Gromov 
(see [Gro82[ Section 2.3] and |Iva87j Theorem 4.4.1]) shows that the same is true 
for bounded cohomology, even without the assumption that X is contractible. More 
precisely, both bounded straight cochains and bounded singular cochains compute 
the bounded cohomology of G, and they both induce the canonical seminorm on 
H?(G), so the cohomology of bounded straight cochains is isometrically isomorphic 
to the bounded cohomology of X. Moreover, Monod proved in [MonOl, Theorem 
7.4.5] that the bounded cohomology of G (whence of X) is computed also by contin- 
uous bounded straight cochains. Monod's result plays a fundamental role in Loh's 
description of the isometric isomorphism between measure homology and singular 
homology in the absolute case. 

In this section we show that, in the case when W ^ 0, continuous bounded 
straight cochains compute the bounded cohomology of the pair [G, A), thus extend- 
ing Monod's result to the relative case (see Theorem 14. 8|) . 

Moreover, in the case when the pair (X, W) is good we prove that also H b (X, W) 
is isometrically isomorphic to H b (G,A), thus obtaining that the bounded cohomol- 
ogy of (X, W) is computed by continuous bounded straight cochains. Finally, in 
Subsection 14.61 we show that this result easily implies our Theorem 11.71 

4.1. Bounded cochains v.s. continuous bounded straight cochains. Let us 

give the precise definition of the complex of continuous bounded straight cochains. 
For every n 6 N we consider the following Banach spaces: 

C™ 6s (X) = {/: X ra+1 ->■ R, / continuous and bounded} , 
C™ bs (W) = {/: W n+1 ->• R, / continuous and bounded} , 

both endowed with the supremum norm. The diagonal G-action such that g ■ 
f(x , ... ,x n ) = f(g~ l x Q , ■ ■ ■ ^g^Xn) for every g <E G endows C™ bs (X) with a struc- 
ture of G-module. The obvious coboundary maps 

n+l 

S n : Cl s {X) -> C^HX) , 5 n (f)(x , x n+1 ) = £(-1)70*0, h x n+l ) 

i=0 

define on C* bs {X) a structure of G-complex. In the very same way one endows 
C* bs (W) with a structure of ^4-complex. For every n € N, the inclusion > 
X n+1 induces an obvious restriction C™ bs {X) — > C^ bs (W), whose kernel will be de- 
noted by C™ bs (X, W). Finally, for every n € N we set 



(2) 



H? bs (X,W) = H n (C* cbs (X,Wf) 
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Wewill prove in Propositions SJ and KM that both C£(X), C£(W) and C* bs (X), 
C* bs (W) provide proper pairs of resolutions for (G,A;M). The pair of norm non- 
increasing chain maps 

(3) vh--C* cbs (X)^C*(X), r, G (f)(a) = f(a(e Q ),..., ( r(e n )) , 

V*a- C* bs (W) CZ(W), V n A (f)(a) = f(a(eo),...,a(e n )) 

allows us to identify C* bs (X) (resp. C* bs (W)) with the subcomplex of C b (X) (resp. of 
C b (W)) of continuous bounded straight cochains on X (resp. on W). Moreover, 
it is readily seen that the pair (tIq,^) is a morphism of resolutions. Therefore, 
Proposition 13.91 implies that the induced map in cohomology 

H*( Vg>a ): H* cbs (X,W) = H*(C* cbs (X,Wf) -> H*(C* b (X, Wf) = H* b (X,W) 

is a norm non-increasing isomorphism. 

Under the assumption that the pair (X, W) is good, we are able to prove that 
this isomorphism is in fact an isometry: 

Theorem 4.1. Suppose that (X, W) is good. Then for every n € N the map 

H n (vb,A) ■ H cbs( X , W) -> H${X, W) 
is an isometric isomorphism. 

Let us briefly sketch our strategy for proving Theorem 14.11 If (X, W) is good, 
Proposition 14.41 below ensures that bounded cochains provide a proper allowable pair 
of resolutions for (G, A;M), so we may exploit Proposition 13.91 to construct a mor- 
phism of pairs of resolutions {a* G ,a A ) between bounded cochains and the standard 
pair of resolutions for (G, A; R). Then, in Subsection l4.4l we define a morphism of res- 
olutions (J3q,Pa) between the standard pair of resolutions and continuous bounded 
straight cochains via an ad hoc construction. Our assumptions imply that these 
morphisms induce norm non-increasing isomorphisms in cohomology, so in order to 
conclude we will be left to show (in Subsection [45]) that the composition (3 G A oa* G A 
induces the inverse of H*(rj G A ) in cohomology, i.e. that the following diagram com- 
mutes: 

H* b (G,A) 

H: bs (X W) _ > Ht(X W) . 

We begin with the following: 

Proposition 4.2. The pair (C* bs (X), 5*), (C* bs (W),5*) provides a proper allowable 
pair of resolutions for (G, A; R). 
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Proof. The fact that (C* bs (X), 5*) (resp. (C* 6s (W), 6*)) provides a relatively injec- 
tive resolution of R as a trivial G- module (resp. A-module) is an immediate con- 
sequence of [MonOl, Theorem 4.5.2] (indeed in order to apply Monod's result our 
CW-complexes X and W should be locally compact, whence locally finite, but these 
conditions are used in the proof of [MonOl} Theorem 4.5.2] only to ensure the ex- 
istence of a suitable Bruhat function on X and on W; in our case of interest the 
fact that G and A are discrete allows us to explicitly describe such a map - see 
Lemma 14. 7p . 

Moreover, it is readily seen that these resolutions admit the following contracting 
homotopies: 

U\ *g(/)( x 1'--- = f(bo,xi,...,x n ) , f G C™ bs (X), (xi, ■ ■ ■ ,x n ) G XJ\ 
tl(f)(w 1 ,...,w n ) = f(b Q ,w 1 ,...,w n ), f G C™ bs (W), (wi, ■ ■ ■ ,w n ) G W n . 

This readily implies that the ^4-chain map 7*: C* bs (X) — > C* bs (W) induced by the 
inclusion W X commutes with the contracting homotopies. 

In order to conclude we have to show that 7* restricts to a surjective map 

r--c* cbs (xf ->c* cbs (w) A ■ 

Let /: W n+1 — > M be an ^4-invariant bounded continuous map. The inclusion 
W n+1 X n+1 induces a homeomorphism ip between W n+1 /A and a closed subset 
K of X n+1 /G (recall that W is a CW-subcomplex of X, so it is closed in X). 
Therefore, / defines a bounded continuous map / on K, and by Tietze's Theorem 
we may extend / to a bounded continuous map g: X n+1 /G — > R. If g is obtained 
by precomposing g with the projection X n+l — > X n+1 /G, then g G C™ bs (X) , 
and ^ n (g) = f ■ We have thus shown that 7* is surjective, and this concludes the 
proof. □ 

4.2. Ivanov's contracting homotopy. In order to show that, under the hypoth- 
esis that (X, W) is good, bounded cochains provide a proper allowable pair of reso- 
lutions for (G,A;~R), we first recall Ivanov's construction of a contracting homotopy 
for the resolution C b (X). 

It is shown in [Iva87j that one can construct an infinite Postnikov system 

■ ■ ■ r A m > A m _i > • • • > A_2 > A l 1 

where X\ = X , iri(X m ) = for every i < m, TTi(X m ) = Wi(X) for every i > m and 
each map p m : X m+ i — > X m is a principal i? m -bundle for some topological connected 
abelian group H m , which has the homotopy type of a K(ir m +i(X), m). Moreover, 
the induced chain maps p* m : C b (X m ) — > C b (X m+ i) admit left inverse chain maps 
A* m : C b (X m+ i) — > C b (X m ) obtained by averaging cochains over the preimages in 
X m +i of simplices in X m , in such a way that the A m 's are norm non-increasing. 
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Let us now denote by W m C X m the preimage P m 1 _i(p m 1 _ 2 (- • • (Pi ^W)))) ^ x m 
(so Wm+i is a principal _£f m -bundle over W m for every m > 1). We denote simply 
by Pm : W m+ i — > W m the restriction of p m to W m+ \. It follows from Ivanov's 
construction that each A* m induces a norm non-increasing chain map C£(W m +i) — >• 
C£(W m ), which will still be denoted by A* m . 

Lemma 4.3. Suppose that (X, W) is good. Then 7Tj(W m ) = for every i <m. 

Proof. Of course, it is sufficient to prove that 7Ti(W m ) = Wi(X m ) for every i £ N, 
m G N. Let us prove this last statement by induction on m. Since the inclusion map 
W X is 7Ti-injective we have 7Ti(Wi) = ni{Xi) = 0. Therefore, since coverings 
induce isomorphisms on homotopy groups of order at least two, the case m = 1 
follows from the fact that the pair (X, W) is good. The inductive step follows from 
an easy application of the Five Lemma to the following commutative diagram, which 
descends in turn from the naturality of the homotopy exact sequences for the bundles 
X m +i — > X m , W m+ i — > W m : 

n i+ l(W m ) > TTi(H m ) ► n(W m+ l) > 7Ti(W m ) > -Ki-l{H m ) 



Ki+l(X m ) > TTi(H m ) > TTi(X m+ i) >■ TTi(X m ) > Wi-l(H m ) . 

□ 

Let us now suppose that (X, W) is good. We choose basepoints w m G W m in 
such a way that p m (w m+ i) = w m for every m > 1, and w\ G W\ = W coincides 
with the basepoint bo fixed above. Since X m is m-connected, for every n < m it 
is possible to construct a map L™: S n {X m ) — > S n+ \{X m ) that associates to every 
a G S n (X m ) a cone of a over w m (see [Iva87| ) . We stress the fact that, since W m is 
also m-connected, if a G S n (W m ) C S n (X m ), then L™(a) can be chosen to belong 
to S n+ i(W m ). The maps L™, n < m, induce a (partial) homotopy between the the 
identity and the null map of C*(X m ), which induces in turn a (partial) contracting 
homotopy {fc™ } n < m for the (partial) complex {C£(X m )} n < m . Since L™(S n (W m )) C 
S n +i(Wm)-> this contracting homotopy induces a (partial) contracting homotopy for 
{C™(W m )} n < m , which we still denote by k* m . Moreover, it is possible to choose 
these contracting homotopies in a compatible way, in the sense that the equality 
^m -1 ° fcm+i ° Pm = Kn holds for every n < m (see again [Iva87j ) . Thanks to this 
compatibility condition, one can finally define the contracting homotopy 

via the formula 

k G = A^- 1 0...0 A n m \ o fc™ o V n m _ x o . . . op™ opj, for any m > n . 
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The very same formula defines a contracting homotopy for C£(W). By construction, 
the restriction map C?(X) — > C b (W) commutes with these contracting homotopies, 
and it obviously restricts to a surjective map C£(X) G — > C b *(W) A . Since C b (X), 
C£(W) are relatively injective for every n > (sec [Iva87j), we have finally proved 
the following: 

Proposition 4.4. The pair (C b (X),5*), (C£(W),5*) provides a proper pair of res- 
olutions for (G, A; K) . If in addition (X, W) is good, then this pair of resolutions is 
also allowable. 

Remark 4.5. The f act tha t the pair of resolutions (C*(X),5*), (C*(W),S*) is 
allowable is stated in [Par 03 \ Lemma 4.2] under the only assumption that (X, W) 
is a pair of connected CW-pairs. However, at the moment we are not able to prove 
such a statement without the assumption that (X, W) is good. For example, let 
us suppose that X is simply connected and W is a point (so that ir n (W) injects 
into Tr n (X) for every n G N, and X\ = X = X, W\ = W = W). Then for every 
n € N there exists only one simplex in S n (W), namely the constant n-simplex <r„ . 
Therefore, the only possible contracting homotopy for W is given by the map which 
sends the cochain ip € C£(W) to the cochain k\{<p) such that fe^((/9)(cr^l 1 ) = ip(a^). 
On the other hand, it is not difficult to show that iTi(W m ) = Wi+i(X) for every % < m, 
and iTi(W m ) = for every i > m. Therefore, if Wi+i(X) ^ 0, then iri(W m ) ^ for 
every m > %. This readily implies that for m > i one cannot construct cone-like 
operators L™: Cj(X m ) — > Cj+i(X m ), j < i, such that dj+iL™ + L™_ x dj = Id and 
LJ i (Cj(W m )) C Cj + i(W m ) for every j < i, so it is not clear how to show that the 

pair of resolutions C£(X), C£(W) is allowable. This difficulty already arises for the 
pair (S 2 , q), where q is any point of the 2-dimensional sphere S 2 . 

Some troubles arise also in the case when the inclusion induces surjective (but not 
bijective) maps between the homotopy groups of W and of X. For instance, if X is 
the Euclidean 3-space and W = S 2 , then X m = X for every m G N, so W m = W for 
every m G N, and, if i is sufficently high, the partial complex {Cj(X, W)}j<i does 
not support a relative cone-like operator. Also observe that, if {W^, m € N} is a 
Postnikov system over W, then the only map W m — > W m = S 2 C ]R 3 = X m which 
commutes with the projections of W m and X m onto W\ = S 2 and X\ = M 3 is the 
projection W m — > W\ = S 2 . As a consequence, also in this case it is not clear why 
the pair of resolutions C£(X), C£(W) should be allowable. 

4.3. Mapping bounded cochains into the standard resolutions. Throughout 
the whole subsection we suppose that (X, W) is good. By Proposition 14.41 under 
this assumption Proposition 13.91 provides a morphism of pairs of resolutions 



(5) 



a* G : C* b (X) -> B*(G), a* A : C* b (W) -> B*(A) 
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such that the induced map H*{a GA ) is a norm non-increasing isomorphism. The 
definition of the chain maps a. G , a* A involve the contracting homotopies for the 

resolutions C£(X), C£(W) described in Subsection 14.21 Being based on a non- 
explicit averaging procedure, such contracting homotopies cannot be described by 
an explicit formula, and the same is true for the chain maps a G , a* A . However, in 
order to show that the composition P G A o a* G A induces the inverse of H* {rj G a ) in 
cohomology, the following explicit description of the composition a G a ° Vg a wm 
prove sufficient: 

Lemma 4.6. Suppose that (X, W) is good. For every f € C™ bs (X ,W) we have 
a G,A(^eU(/))(s , o, ■■■,9n) = f(gobo, ■ ■ -,g n bo) • 

Proof. Let t G (resp. k G ) be the contracting homotopy for continuous bounded straight 
cochains (resp. for bounded cochains) described in Equation @ (resp. in Subsec- 
tion |T2]). We begin by showing that for every n G N we have 

(6) k G o VG = v 2r l ot G . 

Let us fix / G C™ bs (X) and a G S„_i(X), and let us compute k G (rj G (f)){a). With 
notations as in Subsection 14.21 we choose m>n and set 

fm=p n m . 1 (...v i imf)))^ci\x m ). 

Then, if a m is any lift of a in X m , we have k r f n {f m )(a m ) = f m (o-' m ), where a' m G 
S n (X m ) has vertices w m , cr m (eo), • • • , cr m (e„_i). It readily follows that 

km(fm)(o- m ) = f(b , cr(e ), . . . , cr(e„_i)) . 

We have thus shown that the cochain k^(f m ) is constant on all the lifts of a in X m . 
By definition, the value of k G (rj G (f))(a) is obtained by suitably averaging the values 
taken by fc^(/ m ) on such lifts, so we finally get 

k G (7 lG (f))(a) = f(b ,a(e ),...,a(e n ^)) , 

whence Equation ([6]). 

Recall now that the composition a G A ° rj G A is obtained by restricting the map 
a G o r] G , where a G is explicitely described (in terms of the contracting homotopy 
k G ) in Proposition 13.91 (see Equation ([I])). Therefore, Equations (pQ) and ([6]) readily 
imply that the composition a G o rj G can be described by the following inductive 
formula: 

a G ( VG (f))(g , ...,g n ) = c^\g Q {rr G -\tl{g^{f))))){g u ...,g n ). 
An easy induction implies the conclusion. □ 
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4.4. Mapping the standard resolutions into continuous bounded straight 
cochains. In this subsection we do not assume that the pair (X, W) is good. In 
order to define a morphism of pairs of resolutions between the standard pair of 
resolutions for (G, A; K) and the complex of continuous bounded straight cochains 
we need the following result, which generalizes [Frill \ Lemma 5.1]: 

Lemma 4.7. There exists a continuous map x- X — > [0, 1] with the following prop- 
erties: 

(1) For every x G X there exists a neighbourhood U x of x E X such that the set 
{g G G | supp(x)j~l g(U x ) ^ 0} is finite. 

(2) For every x G X , we have X^eG^O? ■ x) = 1 (Note that the sum on the 
left-hand side is finite by (1)). 

(3) For every w G W and every g G G \ A, we have x(d ■ w) = 0, whence 
Y. g eAX(g-w) = 1. 

(4) We have xOo) = 1, so x(g •b ) = Q for every g^l. 

Proof. Let U = {Ui}i^i be a locally finite covering of X with evenly-covered neigh- 
borhoods (with respect to the universal covering X — > X). Since W is a subcomplex 
of X, we may also suppose that the intersection of W with each Ui is connected. We 
choose io G I such that p(bo) belongs to Ui , and we replace each U{, i ^ io, with 
Ui \ {p(b )}- Let now J = {i £ I \ U { n W ^ 0} (soj G J). 

For every Ui let us choose an open subset Hi C X in such a way that the following 
conditions hold: 

• p\h 4 : Hi — > Ui is a homeomorphism; 

• P ^ U jl = 3i.Hi) and g{Hi) n g'(Hi) = for every g g'; 

• Hi n W ^ for every i G J. 

Since U n W is connected, the last condition easily implies that 

(7) H i np~ 1 (W) = H i nW for every zG/. 



Since every CW-complex is paracompact (see e.g. |Miy52 IBou52| ). we may take 



a partition of unity {c^J-jg/ adapted to U, and let tpi : X K be the map that 
coincides with ^opon -ffj and is null outside Hi . We finally set 

x = ^2^i ■ 

iei 

The fact that x satisfies properties (1) and (2) of the statement is proved in [Frill 1 
Lemma 5.1]. Moreover, Equation ([7]) implies that for every w G W and g G G \ A 
we have g ■ w £ W, so g ■ w does not belong to any Hi, whence point (3). Finally, 
since p(bo) £ U for every i ^ io, we have necessarily ipi(bo) = for every i ^ io, 
whence ipi (bo) = 1 and x(&o) = !• D 
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We are now ready to describe a morphism of pairs of resolutions (Pq, P* a ) between 
the standard pair of resolutions for (G, A; R) and the complexes of straight cochains. 
Let 

(8) £§: B n (G) — ► CUX), PXx B n (A) — ► C c " 6s (W) 

be defined as follows: 

0S(/)O&o, • • • = E( 90 ,..,3„)eG«+ 1 xlfi-cT^o) • • • xfe 1 ^) ■ f(9a,---,9n) , 

02 (/)(«*>»••• >«>n) = E( 50 ,..., 9n )eA«+iX(5'cr 1 W ; 0)---X(5'n 1 ^n)-/(5'0,---,5'n) • 

It is proved in [Frill j, Proposition 5.5] that /3^j is a well-defined chain map that 
extends the identity of R. Using point (3) of Lemma 14, 7} it is easy to show that 
the same is true for /3 A , and that (f3 G ,/3 A ) indeed provides a morphism of pairs 
of resolutions. Moreover, j3 G is norm non-increasing for every n G N. Therefore, 
Proposition 13. 71 readily implies that H*(/3 G a ) is a norm non-increasing isomorphism. 

4.5. Proof of Theorem 14.11 Let us suppose that (X, W) is good, and let us come 
back to the diagram 

H* b (G,A) 

H* cbs (X, W) — ► H*(X, W) . 

We already know that H*(a G A ), H*{(3 GA ) and H*(j] G a ) are norm non-increasing 
isomorphisms. Therefore, in order to conclude the proof of Theorem 14.11 we are left 
to show that the above diagram commutes, i.e. that H* {o* G A ) o H* (rj G a ) o H* (P g a ) 
is equal to the identity of H£(G,A). 

Let us take / G B n (G,A). By Lemma H3(4), for every (70,..., 7„) G G n+ \ 
{90, ■ ■ ■ , 9n) G G n+1 we have 



X(7 9obo) ■ ■ ■ X(ln 9nh)-f{l0,---,ln) = 




,...,g n ) if 7i = for every i 
otherwise 



and this readily implies that 

/^(/XfO&O, • • • ,ffn&o) = /(SO) • • • ,5n) • 

Putting together this equality with Lemma 14.61 we readily get 

"G.A^G.A^G.aU)))^, • • • ,5n) = Po,A(f)(gobo, ■ ■ • ,0»&o) = /(SO, • • -,9n), 

so a^. a ° Vg A ° Pg A * s the identity already at the level of cochains, whence the 
conclusion. 

It is maybe worth stressing the fact that continuous bounded straight cochains 
compute the bounded cohomology of the pair (G, A) even without the assumption 
that (X, W) is a good pair. More precisely we have: 
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Theorem 4.8. For every n G N the map 

H*(J% >A ): H?(G,A) H? bs (X,W) 
is an isometric isomorphism. 

Proof. Recall that continuous bounded straight cochains provide a proper allowable 
pair of resolutions for (G, A; H.) even when the pair (X, W) is not good. There- 
fore, the construction carried out in Subsection 14.41 provides a norm non-increasing 
isomorphism 

H*((J* GA ): H* b (G,A) H* cbs (X,W) , 
and Proposition 13.91 provides a morphism of pairs of resolutions 

a* G : C* cbs (X) -> B*(G), a\: C* cbs (W) "> 

that induces a norm non-increasing isomorphism H*(a* G A ) : H* bs (X, W) —> H b (G, A) 
Just as in the proof of Theorem l4.ll in order to conclude it is sufficient to show that 
for every n G N the composition a G o j3 G is the identity of B n (G). 

Recall from Proposition 13.91 that the map a G can be described by the following 
inductive formula: 

a G (f)(g , ...,9n) = a G - l (g (t G (g Hf))))(gi,. ..,g n ), 

where t* G is the contracting homotopy for the resolution C* bs (X) described in Equa- 
tion ([3]). As a consequence, an easy induction shows that a G (f)(go, . . . , g n ) = 

f(9obo,...,g n bo) for every / G C^ bs (X), (g ,...,g n ) G G n+1 , and this implies in 
turn that a G o /3 G is the identity of B n (G), whence the conclusion. □ 

4.6. Proof of Theorem 11.71 In this subsection we describe how^Theorem ll.7l can 
be deduced from Theorem 14.11 For every n G N the module C™ b (X) (resp. C™ b (W)) 
admits a natural structure of G-module (resp. ^4-module). Moreover, it is proved 
in [FrilH Lemma 6.1] that the isometric isomorphism C b (X,W) — > C b (X ,W) G 
induced by the covering projection p: X — > X restricts to an isometric isomorphism 
C* b (X, W) — > C* b (X, W) G , which induces in turn a natural identification 

(9) H* cb (X,W)^H*(C* cb (X,Wf) . 

The G-chain map v* G : C* bs {X) -> C* b (X) defined by 

^g(/)W = /Keo), • • -,o-(e n )) for every n G N, / G C? bs (X), a G S n (X), 

obviously restricts to a chain map v* G A : C* bs (X,W) G -> C* b (X,W) G . Under the 
identifications described in Equations ([2]) and ([9]), this chain map induces the norm 
non-increasing map 

H*(^ g ,a) ■ H cbs(X, W) -> H* cb (X, W) 
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(we cannot realize H* (vq a ) as the map induced by a morphism of pairs of resolutions 

just because we are not able to prove that the pair C* b (X), C* b (W) provides a pair 
of resolutions for (G, A;R) - see Remark 14.91 b elow) . 

It readily follows from the definitions that the following diagram commutes: 

H* cbs (X, W) ■ ► H* b (X, W) 

H* b (X,W) 

where H*{p b ) : H* b (X, W) — > H b (X, W) be the map described in the Introduction. 

Let us now suppose that (X, W) is good. Then Theorem 14.11 implies that the map 
H*(t]q a ) is an isometric isomorphism, so the map H*(uq a ) o H*(t]q provides 
a right inverse to H*(p b ). Since H*(uq A ) is norm non-increasing, this map is an 
isometric embedding, and this concludes the proof of Theorem 11.71 

Remark 4.9. Suppose that (X, W) is good. If we were able to prove that the 
complexes C* b (X), C* b (W) provide a proper pair of resolutions for (G,A;M), then 
we could prove that H*(p b ): H* b (X,W) — > H b (X,W) is an isometric isomorphism 
for every good pair (X,W). However, it is not clear why Ivanov's contracting ho- 
motopies should take continuous cochains into continuous cochains, thus restricting 
to contracting homotopies for C* b (X), C* b (W). 

4.7. (Unbounded) continuous cohomology of pairs. We conclude the section 
by proving Theorem 11.91 which asserts that, when (X, W) is a locally finite good 
CW-pair, the map 

H*(p*): H* C {X,W) -^H*{X,W) 
is an isometric isomorphism. 

We first observe that, since W is closed in X, the subspace S n (W) is closed in 
S n (X) for every n G N. Therefore, by Tietze's Theorem every continuous cochain on 
W extends to a continuous cochain on X, i.e. the restriction map C*{X) — > C*(W) 
is surjective. As a consequence, both rows of the following commutative diagram 
are exact: 

H™+\X) ► H? +1 (W) ► H?(X, W) ► H2(X) ► H%(W) 

H n+1 {X) > H n+1 (W) > H n (X, W) >■ H n (X) > H n (W) . 

Being locally finite, both X and W are metrizable, so we know from [FrilH Theorem 
1.1] that, in the absolute case, the vertical arrows are isomorphisms, and the Five 
Lemma implies now that H n (p*) is an isomorphism. We are left to show that it is 
also an isometry. 
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The inclusions C£{X, W) ^ C*(X, W), C* b (X, W) ^ C*{X, W) induce the com- 
parison maps c*: H£(X,W) -> H*(X,W), c* : H* b (X,W) -> H*(X,W) and it fol- 
lows from the very definitions that for every y> G H n (X, W) , <p c G (X, W) the 
following equalities hold: 

Mice = inf{|^||oo I Ve^(x,VF), c ™(^) = ^} , 
l^clloo = mf{||Vc||oo I 4>c € Hl{X,W),c n c {i, c ) = <p c ) , 

where understand that inf = +00. Moreover, since H*(p*) o c* = c* o H*(pl), for 
every </? c G iT* (X, VP) we have 

||JrV)fac)||oo = mf{||V||oc \^eH*(X,W),c*(i;)=H*(p*)(cp c )} 

= inf{||V c ||oc I G W),^(fT*(^)(^ c )) = #*(p*)(^ c )} 

= inf{||^||oo I ^ € tf* 6 (X,Vn#*(p*)( C *(V> c )) = ^*(P*)(^c)} 

= inf{||^ c ||oo I ^ c € F c * b (X,VF),c*(V c ) = <fc} 

— 1 1 1 1 00 

where the second equality is due to Theorem 11.71 (recall that locally finite CW-pair 
are countable). The proof of Theorem 11.91 is now complete. 

5. The duality principle 

This section is mainly devoted to the proof of Theorem II .31 As already mentioned 
in the Introduction, once a suitable duality pairing between measure homology and 
continuous bounded cohomology is established, Theorem 11.31 can be easily deduced 
from Theorem 11.71 

5.1. Duality between singular homology and bounded cohomology. Let us 

begin by recalling the well-known duality between bounded cohomology and singular 
homology. Let (X, W) be any pair of topological spaces. By definition, C n (X, W) 
is the algebraic dual of C n (X,W), and it is readily seen that the L°°-norm on 
C n (X, W) is dual to the i^-norm on C n (X, W). As a consequence, C b {X, W) coin- 
cides with the topological dual of C n (X,W). This does not imply that H b {X,W) 
is the dual of H n (X, W), because taking duals of normed chain complexes does not 
commute in general with homology (see (Loh08| for a detailed discussion of this 
issue). However, if we denote by 

(•,•): H£(X,W) xH n (X,W)^R 

the Kronecker product induced by the pairing C?(X, W) x C n (X, W) — > M, then an 
application of Hahn-Banach Theorem (see e.g. }Loh07I Theorem 3.8] for the details) 
gives the following: 

Proposition 5.1. For every a G H n (X,W) we have 

\\a\\ 1 =sirp\- i r±-\<p€H?(X,W), (</>,«) = 1 
where we understand that sup0 = 0. 
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5.2. Duality between measure homology and continuous bounded coho- 
mology. The topological dual of C*(X, W) does not admit an easy description, so 
in order to compute seminorms in H*(X, W) via duality more work is needed. We 
first observe that, if \i is any measure on S n (X) with compact determination set and 
/ is any continuous function on S n (X), it makes sense to integrate / with respect 
to li. Therefore, for every n G N the bilinear pairing 



is well-defined. It readily follows from the definitions that \(f,fj,)\ < \\f\\oo ■ HHIm 
for every / G C" 6 (X, W), {J, G C n (X, W), so C* b (X, W) lies in the topological dual of 
C*(X, W). Moreover, for every i G N, / G C l cb (X, W) and fi G C i+1 (X, W) we have 
(Sf,Li) = (f,dfj>), so this pairing defines a Kronecker product 



(10) \{<p B ,a)\ < Halloo • ||a|U for every tp c G H^{X,W), a G U n {X,W) . 



The following proposition is an immediate consequence of inequality (jlOh . and 
provides a sort of weak duality theorem for continuous bounded cohomology and 
measure homology. The term "weak" refers to the fact that while Proposition 15.11 
allows to compute seminorms in homology in terms of seminorms in bounded co- 
homology, here only an inequality is established. However, this turns out to be 
sufficient to our purposes. Moreover, once Theorem 11.31 is proved, one could eas- 
ily prove that (in the case of good CW-pairs) the inequality of Proposition 15.21 is 
in fact an equality, thus recovering a "full" duality between continuous bounded 
cohomology and measure homology. 

Proposition 5.2. For every a G H n (X,W) we have 



where we understand that sup0 = 0. 

5.3. Proof of the Theorem 11.31 We are now ready to conclude the proof of 
Theorem 11.31 The following result readily follows from the definitions, and ensures 
that the Kronecker products introduced in the previous subsections are compatible 
with each other. 

Proposition 5.3. For every ip c G H™ b (X, W), a G H n (X, W) we have 





(v): H%(X,W) xn n (X,W)^R 



such that 
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Let us now suppose that (X, W) is a good CW-pair. We already know that the 
map H*(X,W) — > H*(X,W) is a norm non-increasing isomorphism, so we 

are left to show that ||-ff*(i.*)(a)|| m h > !Mli f° r every a £ H*(X,W). 

However, for every a S H n (X, W) we have 



\H n (L*)(a)\\ mh > sup 



1 



sup 



sup 



\ a 1 



I 1 1 oo 
1 

I Vc 1 1 oo 

1 



m 



<p c eH2 b (X,W),(<p c ,H n (i*)(a)) : 
<£c G H™ b (X,W), (H n (pl)(ip c ),a) 
<p€HZ(X,W),(<p,a)=l 



1 



where the first inequality is due to Proposition 15.21 the first equality to Proposi- 
tion l5.3( the second equality to Theorem 1 1,71 and the last equality to Proposition l5.11 
The proof of Theorem 11.31 is now complete. 

Remark 5.4. Let (X, W) be any CW-pair. The arguments described in this section 
show that if H*{p b ): H* b (X,W) — > H b (X,W) admits a norm non-increasing right 
inverse, then the map : H*(X, W) — > H*(X, W) is an isometric isomorphism. 



6. A COMPARISON WITH PARK'S SEMINORMS 

In [Par03] . Park describes an algebraic foundation of relative bounded cohomology 
of pairs, both in the case of a pair of groups (G, A) equipped with a homomorphism 
A — > G and in the case of a pair of path connected topological spaces (X, W) 
equipped with a continuous map W — > X. However, recall from the Introduc- 
tion that the seminorms considered by Park are quite different from the seminorms 
considered in this paper, which date back to Gromov [Gro82j . In this section we 
investigate the relationships between our seminorms and the seminorms introduced 
in [Par03] . proving in particular that there exist examples for which they are not 
isometric to each other. 

6.1. Park's mapping cone for homology. Let (X,W) be a countable CW- 
pair, where both X ad W are connected, and let us suppose that the inclusion 
i: W ^-?> X induces an injective map on the fundamental groups (several consider- 
ations here below also hold without this last assumption, but this is not relevant 
to our purposes). We also denote by z* : C*(W) — > C*(X) the map induced by 
the inclusion i. The homology mapping cone complex of (X, W) is the complex 
(C*(W X)X) = (C*(X) © C*_i(W0,3*), where 

d n : C n {X) © C n - X (W) — > C n -i(X) © C n . 2 {W) 

) I — > (d n u n + i n -i(v n -i) , -dn-lVn-l) , 
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and d* denotes the usual differential both of C*(X) and of C*(W). The homology 
of the mapping cone (C*(W — > X),d*) is denoted by H*(W — > X). For every 
10 € [0, oo) one can endow C*(W — > X) with the L 1 -norm 

||(tt,v)||i(a;) = \\u\\x + (1 +w)||u||i , 

which induces in turn a seminorm (still denoted by || • ||i(w)) on H*{W — > X) (in 
fact, in [ jPar04] the case oj = oo is also considered, but this is not relevant to our 
purposes). 

As observed in |Par04| . the chain map 

(11) C*(W -+X) ->C*(X,W) = C*(X)/C*(W), p,(u,v) = [u] 

induces an isomorphism 

: H*(W -> X) -> H*(X, W) . 
The explicit description of /3* implies that 

||#*(/3*)(a)||i < ||a||i(0) < ||a||i(w) 
for every a G iT*(PF — s- X), w € [0, oo). 

6.2. Park's mapping cone for bounded cohomology. The mapping cone for 
bounded cohomology can be defined as the (topological) dual of the mapping cone 
for homology. More precisely, let us fix w G [0, oo), and let us endow C^iW — > X) 
with the norm || • ||i(w). Then it is readily seen that the topological dual of C n (W — > 
X) = C n {X) © C n -i(W) is isometrically isomorphic to the space 

C£(W ->X) = C£(X) © C^iW) 

endowed with the L°°-norm || • ||oo(w) defined by 

||(/,5)||ooM =max{||/|| 00 ,(l + w) _1 ||5f|[ 00 } . 

In other words, the pairing 

C* b (W -> X) x C*(W -> X) -> M, ((/, /'), (a, a')) -> f(a) - f'(a') 

realizes C£(W — > X) as the topological dual of C*(W — > X), and an easy com- 
putation shows that the norm || • ||oo(w) just introduced on C^iW — > X) coincides 
with the operator norm (with respect to the norm || • ||i(w) fixed on C*(W — > X)). 
Therefore, if i* : C? (X) — > C^{W) is the cochain map induced by the inclusion, then 
the cohomology mapping cone complex of (X, W) is the complex (C£(W — > X), 5*), 
where 5* is defined as the dual map of d* , and admits therefore the following explicit 
description (see |Par03| for the details): 

T: C£{X) © C£-\W) — >■ C 6 n+1 (X) © C£(W) 

(fn , 9n-l) — ► {5 n fn , ~i n (fn) ~ S n ~ V-l) 
(here 5* denotes the usual differential both of C£(X) and of C£(W)). The cohomol- 
ogy of the complex {C£(W ->■ X),S*) is denoted by H£(W -> X). Just as in the 
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case of homology, the L°° -norm || ■ ||oo(^) on C^^W — y .X") descends to ci seminorm 
(still denoted by || • ||ooM) on H*(W -)■ X). 
The chain map 

/T : C* b (X,W) -»• C* b {W X), /?*(/) = (/,0) 

is the dual of the chain map /3* introduced in Equation (llip above, and induces an 
isomorphism 

H*(P*) : Hl{X, W) -»■ -»■ X) 

such that 

\\H*{n{v)\\oo{u) < \\H*(n<p)\\°o(o) < Moo 

for every 99 G H*(X, W), oj G [0, 00). More precisely the following result is proved 
in [Par031 Theorem 4.6]: 

Theorem 6.1. For every n G N, the isomorphism H n ((3*) is such that 

— 1-dMloc < ||^(r)(y)l|oc(0) < l^lloc for every V G H£(X,W) . 
n + 2 

It is asked in |Par03| whether H*((3*) is actually an isometry or not. We show 
in Proposition 16.41 below that there exists examples for which H*({3*) is not an 
isometry. 

6.3. Mapping cones and duality. In the previous subsection we have seen that, 
for every u > 0, the normed space (C£(W — > X), \\ ■ ||oo(w)) coincides with the 
topological dual of the normed space (C*(VF — > X),\\ ■ ||i(w)). We may therefore 
apply the duality result proved in |Loh07l Theorem 3.14], and obtain the following: 

Proposition 6.2. If the map 

H*((3*) : (H* b (X,W), || • Hoc) -»• (H* b (W -> X), \\ ■ 
is an isometric isomorphism, then 

\\H4A)(a)\\i = \\<*\\i(u) 

for every a G i?*(X, W). 

6.4. An explicit example. Let M be a compact, connected, orientable manifold 
with connected boundary, and suppose that the inclusion i: dM — > M induces an 
injective homomorphism i* : n\{dM) — > it\(M). 

We denote by [M, dM] the (real) fundamental class in H n (M, dM) and we set 

[dM ^ M] = £T„( i 9*)- 1 ([M, dM}) G H n (dM -± M) . 

The L 1 -seminorm || [M, <9M] ||i of the real fundamental class of M is usually known 
as the simplicial volume of M, and it is denoted simply by ||M||. Similarly, the L 1 - 
seminorm of the real fundamental class [dM] G H n —\{dM) is the simplicial volume 
of dM, and it is denoted by ||<9M||. 
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Lemma 6.3. We have 

\\[dM -► A/] ||i (w) > ||M|| + (l+w)||SM|| . 

Proof. It is shown in [Par04| that, if a € Cj(Af) is such that cka G Ci-i(dM) (so 
that a defines an element [a] G Hi{M,dM)), then 

ffi(/3*) _1 ([«]) = [(«,-dja)] . 

Therefore, if a € C n (M) is a representative of the fundamental class [M,dM] G 
H n (M,dM), then (a, -d n a) is a representative of [<9Af <—> M] G H n (dM -> Af). 
If (a', 7) is any other representative of such a class, then by definition of mapping 
cone there exist x G C n+ i(M) and y G C n (dM) such that: 

( a-a' = d n+ ix + i n (y) 
\ 7 + d„a = -d n y . 

These equalities readily imply that [a 1 ] = [a] in H n (M, dM) and [7] = [— d n a] in 
H n —i{dM). As a consequence, since d n a is a representative of the fundamental class 
of dM, we have ||a'||i > ||[q']||i = ||Af|| and H7K1 > 1 1 [^y] 1 1 1 = ||0M||, whence 

\\(a',j)Uu) > ||M|| + (1 + ^)||9M|| . 

The conclusion follows from the fact that (a', 7) is an arbitrary representative of 
[dM -+ Af]. □ 

Proposition 6.4. Let M be a compact connected orientable hyperbolic n-manifold 
with connected geodesic boundary. Then, for every uj G [0, 00) the isomorphism 

H n ((3*) : (Hl l (X, W), || • ||oo) -> (H?(W ^ X), \\ ■ |U(a;)) 

is not isometric. 

Proof. It is well-known that the inclusion dM Af induces an injective map on 
fundamental groups. Moreover, since dM is a closed orientable hyperbolic (n — 1)- 
manifold, we also have ||<9Af|| > 0. By Proposition 16.21 if H n {(3*) were an isome- 
try we would have ||[<9M -)■ Af]||i(w) = ||[Af,dAf]||i = ||Af||, and this contradicts 
Lemma 16.31 □ 
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